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Abstract
Let µm be the group of mth roots of unity. In this paper it is shown that if m is a prime
power, then the number of all square matrices (of any order) over µm with non-zero constant
determinant or permanent is finite. If m is not a prime power, we construct an infinite family
of matrices over µm with determinant one. Also we prove that there is no n× n matrix over
µp with vanishing permanent, where p is a prime and n = pα − 1.
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1. Introduction
Some properties of permanents and determinants of matrices over certain finite
sets have been studied regularly over the past thirty years. For instance the perma-
nents of (0, 1)-matrices have been studied extensively in the literature for their com-
binatorial interpretation and significance. For any n× n matrix A = [aij ] over a field
the permanent of A is defined by per(A) :=∑π∈Sn a1π(1) · · · anπ(n). For any m  2,
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let ζm ∈ C× = C \ {0} denote a primitive mth root of unity and let µm = 〈ζm〉 be
the cyclic group of all mth roots of unity. For any n  2, let Mn(µm) denote the set
of all n× n matrices A = [aij ] with all aij ∈ µm. In 1974 Wang [6] investigated the
permanent of (1,−1)-square matrices and proved the following interesting result:
For each positive integer k, there exists at most a finite number of (1,−1)-square
matrices A (of any order) such that |per(A)| = k.
Here we generalize Wang’s result to matrices over mth roots of unity, m a natural
number. We also study the similar problem for the determinant instead of the perma-
nent and show that: “If m is a prime power, then for each δ ∈ C×, there exists at most
a finite number of square matrices A (of any order) over µm such that per(A) = δ or
det(A) = δ. Moreover if m  2 is not a prime power, we construct an infinite family
of matrices over µm with determinant one”.
In 1983 Simion and Schmidt [5], and independently Kräuter and Seifter [2] showed
that there is no n× n, (1,−1)-square matrix with vanishing permanent if n = 2α − 1
for some positive integer α. In this paper we also generalize this result to matrices
over roots of unity. More precisely we show that: “If p is a prime, α a positive integer
and n = pα − 1, then there is no matrix A ∈ Mn(µp), with per(A) = 0”.
Before stating our results, let us introduce some necessary notation. Fixing m, for
any δ ∈ C we set,
det−1n (δ) = {A ∈ Mn(µm) | det(A) = δ}
and define det−1(δ) =⋃∞n=2 det−1n (δ). Similarly, We set
per−1n (δ) = {A ∈ Mn(µm) | per(A) = δ}
and define per−1(δ) =⋃∞n=2 per−1n (δ).
2. Results
The following theorem shows that if m is a prime power, then for any non-zero
complex number δ, there are only finitely many square matrices (of any order) over
µm with constant determinant δ.
Theorem 1. Let m be a positive integer.
(i) If m is a prime power, then for any δ ∈ C×, det−1(δ) is finite. Moreover if
δ ∈ Z[ζm] with (1 − ζm)  δ, then det−1(δ) is empty. In particular det−1(1) is
empty.
(ii) If m  2 is not a prime power, then det−1(1) is infinite.
Before presenting the proof, we recall some facts from algebraic number theory.
Let m = pα be a prime power. It is well known (see [3]) that the cyclotomic field
Q(ζm) is of degree ϕ(m) = pα−1(p − 1) over Q and the ring of integers of Q(ζm)
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is Z[ζm]. Also the principal ideal (1 − ζm)Z[ζm] is a prime ideal of Z[ζm], and the
ideal generated by p in Z[ζm] factorizes as
pZ[ζm] = (1 − ζm)ϕ(m)Z[ζm].
Lemma 1. Let A ∈ Mn(µm) with m = pα . Then in the ring Z[ζm], the element
(1 − ζm)n−1 divides det(A).
Proof. As the difference between any two mth roots of unity is divisible by the
element (1 − ζm), by subtracting the first column of A from every other column,
det(A) is seen to be divisible by (1 − ζm)n−1. 
Proof of Theorem 1. (i) Let A ∈ det−1n (δ). Let ord(1−ζm)δ be the largest β  0 such
that (1 − ζm)β |δ. By the lemma (1 − ζm)n−1|δ. Therefore n− 1  ord(1−ζm)δ. As
for each n, Mn(µm) is finite, this inequality implies all the statements in (i).
(ii) Suppose m  2 is not a prime power. Let p and q be two distinct prime divi-
sors of m. Let s = ϕ(pq) = (p − 1)(q − 1). We set,
A =


1 1 1 · · · 1
α1 1 1 · · · 1
1 α2 1 · · · 1
...
.
.
.
.
.
. 1 1
1 · · · 1 αs 1


,
where the diagonal right below the main diagonal is (α1, . . . , αs), and αi are all
the primitive pqth roots of unity (in any arbitrary order). We will show that A ∈
det−1(1). For any k  1, recall that the kth cyclotomic polynomial is defined by
k(x) =∏(x − ζ ), where the product is taken over all primitive kth roots of unity
ζ . In particular
pq(x) = (x
pq − 1)(x − 1)
(xp − 1)(xq − 1) and pq(1) =
pq
pq
= 1.
Now, subtracting the ith column of the matrix A from the (i + 1)th column with
i = 1, 2, . . . , s − 1, s, we get
det(A) =
s∏
i=1
(1 − αi) = pq(1) = 1.
We can find infinitely many matrices in det−1(1) by setting
Br = A⊗ · · · ⊗ A (r terms, r  1).
Each entry of Br , being a product of some entries of A, is an mth root of unity, and
det(Br) = (det(A))r(s+1) = 1. So Br ∈ det−1(1) for any r  1. Therefore det−1(1)
is infinite. 
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The following theorem shows that if m is a prime power, then for any non-zero
complex number δ, there are only finitely many square matrices (of any order) over
µm with constant permanent δ. This generalizes a result of Wang [6].
Theorem 2. Let p be a prime and α a positive integer.
(i) If m = pα, then for any δ ∈ C×, per−1(δ) is finite.
(ii) If n = pα − 1, then there is no matrix A ∈ Mn(µp), with per(A) = 0.
Proof. (i) Let m = pα . Suppose that A ∈ Mp(µm). It is clear that each entry of A
is congruent to 1 modulo (1 − ζm), so per(A) is seen to be congruent to p! modulo
(1 − ζm). Therefore per(A) is divisible by (1 − ζm). It is easy to see that for any
n× n matrix B with n  p, we have,
per(B) =
∑
per(X) per(X′),
where the sum is taken over all submatrices X of order p of B, whose rows come
from the first p rows of B and X′ denotes the complementary submatrix of X. Now,
using induction and the above equality it is easy to check that for any matrix B ∈
Mn(µm), per(B) is divisible by (1 − ζm)[n/p]. Since, for per(B) = δ ∈ C× given,
there are at most finitely many values of n with this property, the result follows.
(ii) Let n = pα − 1, and assume A ∈ Mn(µp). Clearly there exists a matrix B ∈
Mn(Z[ζp]), such that A = J − (1 − ζp)B, where J is the n× n matrix with all en-
tries equal to one. By Theorem 1.4 of [4, p. 18], we have the following equality:
per(A) =
n∑
j=0
(−1)j (n− j)!(1 − ζp)j perj (B),
where perj (B) denotes the sum of permanents of all submatrices of order j of B
(we set per0(B) = 1). Now we find a lower bound for ord(1−ζp)Pj (B), where we
have set Pj (B) = (−1)j (n− j)!(1 − ζp)j perj (B) for 1  j  n. Recall that for
m = pα and any δ /= 0 we have ord(1−ζm)δ = ϕ(m) ordpδ. So for 1  j  n, we
have
ord(1−ζp)Pj (B)  (p − 1) ordp(n− j)! + j.
It is well known that for any natural number k, ordp(k!) = k−Skp−1 , where Sk is the sum
of the digits of k to the base p (see [1, p. 7]). Hence we obtain ord(1−ζp)Pj (B) 
n− Sn−j . On the other hand, we have ord(1−ζp)(n!) = (p − 1) ordp(n!) = n− Sn.
Now, as n = pα − 1, it is clear that for each 0  j  n− 1 we have Sn > Sj and
therefore for any j , 1  j  n,
ord(1−ζp)(n!) < ord(1−ζp)Pj (B).
As per(A) = n! +∑nj=1 Pj (B), we cannot have per(A) = 0. 
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